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Abstract. We consider the problem of minimizing the sum of a convex function ang of 1
fractions subject to convex constraints. The numerators of the fractions are positive convex functions,
and the denominators are positive concave functions. Thus, each fraction is quasi-convex. We give a
brief discussion of the problem and prove that in spite of its special structure, the probm-is
complete even when only = 1 fraction is involved. We then show how the problem can be reduced

to the minimization of a function op variables where the function values are given by the solution

of certain convex subproblems. Based on this reduction, we propose an algorithm for computing the
global minimum of the problem by means of an interior-point method for convex programs.
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1. Introduction

Nonlinear programming problems often involve objective functions that can be
expressed in terms of one or several ratios. Exploiting the special structure of such
fractional programshas been the subject of extensive studies in the last few dec-
ades. For an overview of fractional programming, we refer the reader to Schaible
(1995) and the references given therein.

Fractional programs with only a single ratio or a maximum of finitely many
ratios are fairly well understood. Under suitable conditions, these problems still
satisfy some form of generalized convexity, which can be exploited in algorithms
for the numerical solution of such problems. For example, there are polynomial-
time interior-point methods for classes of such problems (see Freund and Jarre,
1994, 1995; Nemirovskii, 1996).

On the other hand, fractional programs with sums of ratios are much more
difficult and not as well understood (see Schaible, 1995, 1996). Such problems
possess some form of generalized convexity only in special cases, such as the
ones discussed in Schaible (1984) and Hirche (1985), and in general, they have
multiple maxima and minima. Algorithms for classes of sum-of-ratios problems
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are described in Cambini et al. (1989), Chen et al. (1998), Falk and Palocsay
(1992), Konno and Kuno (1990), Konno and Yamashita (1998), Ritter (1967), and
in the review article (Schaible, 1996). However, most of these algorithms are for
the optimization of linear ratios subject to linear constraints. The purpose of this
paper is to present a suitable interior-point approach for the solution of much more
general problems with convex-concave ratios and convex constraints. Our approach
is based on approximating the sum-of-ratios problem by a sequence of convex
minimization problems. For such convex problems, interior-point methods have
become the methods of choice, both from the point of view of theoretical complex-
ity and of practical efficiency. By using a simple warm-start strategy, the cost for
solving the individual convex subproblems can be reduced to very few iterations.
Finally, the interior-point method provides certain dual information needed for the
overall approach.

More precisely, we consider the problem of minimizing or maximizing the sum
of a single function and op > 1 ratios subject to convex constraints, and we
explore the use of interior-point methods for the solution of such problems. More
precisely, we study problems of the form

minimize h(x) + Z Ji Exi subjectto x € S, (1)
] X
and
f] (x) .
maximize h(x) + Z subjectto x € S. )

8;j(x)
Here and in the sequel, we make the following assumptions.

ASSUMPTION 1. § ¢ R" is a compact convex set such thatx) > 0 and
gj(x) > Oforall j =1,2,..., pandallx € S. For the minimization probler(l),

the functions: and f1, f», ... , f, are convex and the functions, g, ... , g, are
concave. For the maximization proble®), the functions: and f1, f>, ... , f, are
concave and the functiong, g», ... , g, are convex.

For simplicity, from now on we restrict ourselves to minimization problems
(1). The results and algorithms f@f) in this paper can easily be converted to
maximization problems2) by simply exchanging ‘min’ and ‘max’, ‘convex’ and
‘concave’, and £’ and ‘>'.

In Section 2, we first discuss the simplest case, namely the sum of a convex
function and onlyp = 1 ratio. We show that this problem igP-complete and
propose a method for finding the global minimizer. In Section 3, the method is gen-
eralized to the case > 2. In Section 4, we report results of numerical experiments.
In Section 5, we make some concluding remarks.
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2. Sum of one fraction and a convex function

Throughout this section, we assume tpat 1. In this case, probler(l) reduces
to the form

minimize h(x) + AC) subjectto x € S. 3

g(x)
Here, f,g,h : S — R are functions that satisfy the conditions specified in As-
sumption 1, i.e.f andh are convexg is concave, andgf(x) > 0 and g(x) >0 for
x € 8. Forany fixedr > 0, let

f @)

x(r) :=arg min{ hx)+ —=| gx) >randx € S } 4)
r

and

a(r) = hx(r) + L0 (5)

r

Forr > max{ g(x) | x € S}, the feasible set i) is empty, and in this case, we set
q(r) := oo. Note thatx(r) is not necessarily unique, but, of courges;) is. From
the definition ofg, it is obvious thatc (v*) solves(3) if, and only if, ¥* minimizes

q. Thus, problem(3) is reduced to the one-dimensional problem of minimizing the
functiong.

Determiningx(r) for a given valuer > 0 is a convex optimization problem,
which can be solved by several methods.

If a separation oracle fof (c R") is given, the evaluation of for a given
value ofr can be done (up to a given precision) by the ellipsoid method. Here, by
‘separation oracle’, we mean a subprogram that accepts as input any.wveciot
and produces as output either the informatiore'S’, or a vectorh € R", h # 0,
with hTy < hTx forall y € S. Inthe second case, the vectotefines a hyperplane
that ‘separatest from S.

If self-concordant barrier functions for the sets

J(x)

{xeS h(x)+—<kandg(x)>r}
r

for real numbers. are known, thew () can also be evaluated by an interior-point
method. Here, a barrier function for a convex&és a function that is convex and
finite in the interior ofC, and goes to infinity as approaches the boundary ©f

The notion of self-concordance was first introduced in Nesterov and Nemirovskii
(1994). Roughly speaking, self-concordance is defined as a local Lipschitz condi-
tion of the Hessian of the barrier function. As shown in Nesterov and Nemirovskii
(1994), many convex sets possess easily computable self-concordant barrier func-
tions, and the concept of interior-point methods based on self-concordance is a very
general approach.
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We remark that for the special case of a constant funciiand p = 2 ratios,
problem(1) can be reduced to a problem of the fo(8), i.e., with only one ratio,
by means of the Charnes—Cooper transformation (Charnes and Cooper, 1962); (see,
e.g., Cambini et al., 1989). A self-concordant barrier function for the conic hull
introduced by this transformation is discussed in Freund et al. (1996). In general,
whenp > 1 andh is constant, the Charnes—Cooper transformation can be used to
reduce problendl) to a sum-of-ratios problem with— 1 ratios. This simple reduc-
tion may be crucial for algorithms whose computational costs grow rapidly with
the number of ratios. For example, given a sum-of-ratios problem avith2 and
h = 0, it will be more efficient to first employ the Charnes—Cooper transformation
and then apply the algorithm of the present paper to the reformulationpwitii,
rather than using the same algorithm for the solution of the original problem with
p=2.

2.1. PROPERTIES OF THE FUNCTION

Next, we recall some well-known properties of the functjogiven by(4) and(5).
LetO < r < s < r be given. Set
S —r _
o= €0, and x:=A—-0)x) +ox().

t—r

Then,s = (1 — o)r + ot, and by the convexity of, we have

J &) < (1—0)f(x(r) +of(x(1)) < max{ f(x(r))’ S (x(1)) } (©)
s 1—o)r+ot r t
Similarly, the convexity of: implies that
h(x) < (1= 0)h(x(r)) + oh(x(1)) < max{h(x(r)), h(x(®))}. (7)

By the concavity ofg, it also follows thatg(x) > s. HenceXx is feasible for(4),
and

_ (x)

q(s) < h(x) + fT (8)

In spite of (6), (7), and(8), the functiong is not quasi-convex, i.e., in general it
may happen that

q(s) L max{q(r),q)}.

Note that ifg were quasi-convex, probled) could be solved in polynomial time
by using a golden-mean search for
In view of the above derivation, we may still ask ourselves whether the function
g may ‘smooth out’ some of the local minimizers @), and whether minimizing
g might be easier than solving problei®) directly (assuming that we can evaluate
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g and its derivatives). The observation that the functias not necessarily simpler
than(3) is illustrated in Figure 1 below, which depicts the functipfor a special
case whereS is just a real interval. This plot shows thatmay exhibit a very
‘irregular’ behavior.

2.2. N'P-COMPLETENESS

Next, we prove that problenB) is ‘essentially’ A’P-complete. To this end, we
show that a well-known\P-complete problem, namely the following knapsack
problem, can be recast as a special instance of prot3gm

Knapsack problem:

Let an integerd > 1, weightswy, wo, ..., wy; > 0, a weight limitw > 0, and
costscy, ¢, ... ,¢4 > 0 be given. Sefl := {1,2,...,d}. The problem is to
find a subsetl’ C I such that) ,_, c; is maximized subject to the constraint
Dier Wi SW.

For a discussion of the knapsack problem and a proof df'iixcompleteness,
we refer the reader to Garey and Johnson (1979).

Our result on the\'P-completeness of probleit8) can now be stated as fol-
lows.

THEOREM 2. Problem(3) is NP-complete in the following sense. Let the data
of a knapsack problem witth € N weights be given. There exists a convex, piece-
wise linear functionf, a linear functiong, and a linear functiont defined on
the interval S = [1, 2¢] such thatf, g, h, and their respective derivatives can
be evaluated in polynomial tim¢,, g, and & take values of polynomial size, and
solving problem(3) is equivalent to solving the given knapsack problem.

REMARK 3. The right endpoint 2of the intervalS in Theorem 2 is not poly-
nomial. At first sight, this might lead to the impression that the reduction of a
knapsack problem to proble() is exponential. This, of course, is not the case. In-
deed, just as in the case of linear programs, which may also involve non-polynomial
upper or lower bounds, one only needs polynomiality in the coding length of the
problem. The coding length of proble) is at leastd, and hence the coding
length of the endpoint®is in fact polynomial in the coding length of the problem.
Finally, note that if the functionf/g were convex, then am-approximation to
problem (3) could be computed in polynomial time. Th€P-completeness in
Theorem 2 does not result from the size of the endpoinbf2S, but from the

lack of convexity.

Proof of Theoren2. Letd € N, weightswy, wo, ... , wy, a weight limitw > 0,
and costsy, ¢z, ..., ¢s > 0 be the given data of a knapsack problem. From this
data, we now construct a special problem of the f¢8nthat is ‘equivalent’ to the
knapsack problem.
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To this end, we first enumerate thé Qubsets of = {1,2,...,d}, by simply
counting from 1 to 2 in the binary system. Then, for each subgebf I, there
exists an index K k < 2¢ such thatl’ = I, is thek-th subset of the enumeration.
We can determind, just by knowing its indexk, and without looking at any
other subset. We can also determine the welght, w; of the k-th subset just

by knowing the index. For 1< k < 2¢, we set

1 if Z w; > W,
iely
1-) c/c otherwise,

iely

ke

and ¢, := o

Nk =

wherec := Zle ¢;. Solving the knapsack problem is then equivalent to finding

min 7. 9)
1<k

For later use, we note that
0<e <1 forall 1<k<2% (10)

Next, we setS := [1, 2¢] and define functiond, g, n : S — R as follows. The
functionsg andh are the linear functions given by

glx)=x and h(x)=-x forall xeS. (12)

The function f is defined as the piecewise linear interpolant through the points
(k, k®4+€;),1 < k < 2?. Hence, on each interval< x < k41, where 1< k < 29,
f is given by

f) =K +e) k+1—x)+ ((k+ D%+ 1) (x — k). (12)

Using (10), one readily verifies that the functigfiis convex onS. Clearly, given
anyx € S, it is possible to evaluatg (x) in O(d) arithmetic operations, and the
number of digits needed to represent the function vatdese, are at most2 plus
the number of digits needed to evaluatg, , c;/c.

Finally, we show that for the s&® and the functionsf, g, andh just defined,
the minimizer of(3) is the indexk of ak-th subsetl; c I that solves the knapsack
problem. Let 1< k < 2¢ and consider the objective function ¢8) for x <
[k, k + 1]. By (10)~(12), the second derivative of the objective function satisfies

d? f))_ 2
iz (h(x) + E) = 3 (—k(k+1) + ek + 1) — €41k)

2 2
< S (—kk+D+k+1)==(1-k*<0
X

x3
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for all x € [k, k + 1]. This shows that the objective function (&) is concave on
[k, k + 1], and thus its minimum ovédk, k + 1] is attained ak =k orx = k + 1.
By (11) and(12), the corresponding function values are

€ Nk €k+1 Nk+1

— = — for =k, and = —= for =k+ 1

K 2 * K+l 2 r=h
Therefore, probleng3) is equivalent ta9), which in turn is equivalent to solving
the knapsack problem. O

For the special instance of problef®) constructed in the proof of Theorem 2,
the evaluation of the associated functi@, ¢ (r), is particularly simple. Indeed,
letx > r andx € [k, k + 1] for some 1< k < 2¢. Then, by(10)~(12),

4 (h(x) + f(x)) _ g & 1+r€"+l_ i

dx
2k k+1
>-14+4—2>-1+ +
r

>-1+Z>0
r r
This shows that the objective function 4) is monotonically increasing for =
g(x) = r andx € S. Therefore, the minimum i) is attained forx () = r, and
the functiong(r) in (5) is identical to the objective function @B). In Figure 1,
we plot the functiory for the case of the knapsack problem with= 4, random
valuesw;, ¢; € (0,1), 1 < i < d, and weight limitw = 0.8, w;.

Figure 1 displays an example where minimizipgs identical to solving prob-
lem (3). In general, however, we may anticipate that the structure of the higher-
dimensional problent3) is far more complicated than the scalar functgpriwe
propose an approach for solving problé®) by evaluatingy for various values of
r and exploiting Lipschitz properties gf

We emphasize that in the case where the funegjibas very many local minim-
izers of approximately the same magnitude (as in the class of problems constructed
in the proof of Theorem 2), any approach for solving probl@mwill necessarily
be very slow (unles® = N'P).

2.3. A GLOBAL MINIMIZATION METHOD

If f, g, andh are smooth, due to the structure®fthe functiong is generally a
piecewise smooth function. To compute a global minimizeof ¢, we construct a
lower-bound functiory (r) < ¢(r) and then minimize.

The functiong depends on a partition, @ r® <@ << p® where we
assume that® < r* andr® > r*. Note that

O<ming(x) < r* < maxg(x), (13)
xeS xe$S

so that a value for® can be obtained from a given lower boundgodn S, and a
value forr® by solving the concave maximization problem(i8).
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Figure 1. The objective function with random;’s andc;'s.

Let some and O< r < @D pe given. Define a lower-bound number

f @)

r(i+1)

x € Sandg(x) > r® } (14)

gi < min{h(x) +

so thatg; < q(r) forr € [r®, r@*D]. Note that evaluating the right-hand side of
(14) amounts to solving a convex optimization problem. Lebe a solution of the
minimization problem in(14). It follows that

Jx(r)) JX)
s 2R+ Em 2 4

@)
LEO) S ooy + LEED g0y,
r r

h(x(r)) +

h(x(r)) +
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Using these two inequalities, for alle [r@, @], we get

a(r) =h(x(r) + (xr(”)
(i+1) @)
r r—r fx(@))
— T, pa (h( ") + rG+1)
@) <z+1>
r r —r x(r
oD (h(x(r)) + X (> ))>
A4 r("> SO D "
2 o it i e 40
L D 0 0 "
_q(r ) + I"(i) r(l+l) _ r(l) <% - Q(r ))
i+ @)
o r r—r < _ ) )
>0 + o T (4 — a0 ) (15)
=q(r) +q/'r —r?), (16)
where
R ()
4 =0 0 0

Note that the inequality15) follows from ¥ /r < 1 andg; — q(r®) < 0.

The bound(16) proves left-sided Lipschitz continuity ef. Indeed, near =
r, the above bound is close to the valwe ). However, forr = r@*9, the
bound reduces tg;, which is lower than the valug(r*Y).

Note that a bound of the formil5) with ¢(r“*V) in place ofg(r) is not
possible. It may occur that( V) > ¢(®). Intuitively, this will happen when
Sn{x|g) > ri*Y} nolonger contains points for which or i are reasonably
small butSN{x | g(x) > r® } does. In this case, the Lipschitz constantfdrom
the right may be much larger than the one from the left. To determine a suitable
Lipschitz property from the right, we define the function

f)
(i+1)

gi(r) ;= min{

xeSandg(x) >r } . a7

Observe thaf; is convex (inr). Moreover,g; satisfiesj; (r) < g(r) for r < r@+D,

andg; (r*) = ¢(r+V). We remark that when evaluathgr(’+1)), the problem

(17) with r = r@*D is solved, and the Lagrange multiplier — denotedaRyin

the sequel — corresponding to the constrgiit) > r“*+Y can also be computed.
Indeed, interior-point methods can be implemented so that such a multiplier is
obtained at no extra cost. The Lagrange multiplier leads to the bound

q(r) = Gi(r) = q(r) + a,(r — r*) (18)
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Figure 2. The functionsy andq.

for r < r@*D; see, e.g., Theorem VI1.3.3.2 in Hiriart-Urruty and Lemarechal
(1993). The lower-bound functiop(r) is then defined for € [, r@*Y] as the
maximum of the boundé&16) and(18),

q(r) = max{ q(r?) + qi'(r — rDy, qriy 4 a,(r — rith) } .

A simple method for solving problen®) then proceeds as follows. Givén
points

0<r® <r@ <o 7@ with O < <r®, (19)

anew point* from the intervak»®, r+1) that contains a minimizer of miy () |
r e [r®, r®1}is chosen. Thert, is inserted into the lis¢19) (thusk is increased
by one), and the process is repeated.

Note that the update af(r) only involves the interval betweert? andr¢+9

A

neighboring#. This interval is split into two subintervals”, 7] and [, r@*9],
and the minimum of; (r) is evaluated over both intervals. In particular, the effort
for minimizing ¢ merely consists of bookkeeping. Figure 2 gives an example of
the bounds leading t(r).

Note that the slopes af(r) andq(r) may be of opposite sign, so that in the

interior of [+, r“*1] the functiong () may not be a good approximationdar).
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Hence/ :=argmin{¢(r) | r € [rP, r®]} may be a poor choice. A more reliable
choice used in our numerical examples below is= (@ + r@+).

To keep the evaluation a@f at moderate costs, it suffices to compute only ap-
proximations tog(r) andg’(r), along with some error estimates. Interior-point
methods are particularly suitable for computing an approximate solutionof
the convex probleni4), along with a certified error bound of the forpp(r) —
h(x(r)) — f(x(r))/r] < €. The computation of (r) takes at mos©(log(1/¢))
iterations provided that a self-concordant barrier function§and for the level
sets of the functiong’, g, andh is known. This observation is the key point for our
proposed algorithm. Next, we present a statement of the algorithm.

ALGORITHM 4. (Conceptual overall algorithm fgr = 1.)

INPUT. Functionsf, g, h and a compact convex s&tdefining the single-
ratio problem(3).
A stopping tolerance > O.

Step 0. Determiner® andr®@ with

0<r®P <ming(x) and r?@ > maxg(x).
xeS xeS

If no such value® exists: STOP, the problem violates Assumpfion
Otherwise, computg(r), ¢(r?), and the Lagrange multipliers{’ for
8-
Setk = 2 (number of ‘support points*©).
Seti = 1 (interval (r@, r@+V) containingarg ming (r)).

Step 1. Set? = 3(r® 4 (D). -

Step 2. Computey (7) along with the Lagrange multipliex,, for g.

Step 3.Based on18), evaluate

arg min g(r) and arg min g(r).
relr®, 71— re[f,ri+H]1—

Step 4. Increasek by one, and insert into the list of r)’s,
Step 5.Find i < k — 1 such that? := argmin. ¢(r) € (v, r@+Y),
Step 6.1f ¢(7) = Mini<,<; ¢(r¥) — €, then STOP:

7 IS an approximate minimizer.

Otherwise, return téstep 1

We remark that, in Step 3 of Algorithm 4, the boup@) may either be obtained
by settingg. = —oo, or by solving an additional problem of the for¢h4). The
latter case Is more expensive and results in a better bound;fpsince both(16)
and (18) are used. In most cases (unlessin (18) is ‘overly large’), it is more
efficient to rely on(18) only, and not to solvél4).
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Note that the minimizers of the lower-bound functig@) computed in Step 3
of Algorithm 4 can be stored in a heap, so that Step 5 merely consists of selecting
the first element from this heap.

Finally, we remark that, in practice, the feasibleSaetill usually be of the form

S:{xe]R” b,»(x)<0foralli=1,2,...,m},

wherebs, by, ... , b, are given convex functions.

3. Minimizing the sum of several fractions

In this section, we return to the general problébh of minimizing the sum of a
convex function ang ratios. The basic idea for solving probleid) is similar to
the special casg = 1 treated in Section 2.

Let p > 2, and again let Assumption 1 be satisfied. In this cases
[ri r2 ---r,]7 € R”is a vector ofp parameters. In analogy to the defini-
tions (4) and(5) of x(r) andg(r) in the casep = 1, we set

14
x(r) = argmin{ h(x) + Y eSr) ¢,

j=1

fi(x) ‘x
Tj
(20)

whereS(r) := {x eS

gj(x)2rjf0ra||j:1,2,...,p},

and

p .
gr) = ey + 3 LD

=1
Initially, we assume that vectors? andr® are computed such that there is a
minimizerr* of ¢ satisfyingr® < r* < r®@. (As usual, the<-sign is understood
component wise.) Each componentr6 andr® can be computed separately as
in the casep = 1.

Now let r, r@, @+ and some directiom\r € R” be given such that the
relations

rO < r <Y and O <+ Ar <D
are satisfied. The bound46) and(18) can be generalized to provide bounds for

q(r+ Ar). We splitAr = Art — Ar~ with Art, Ar— > 0and(Art)"Ar— =0.
LetA; > 0 be the Lagrange multipliers for the constraigi$x) > r; in (20). By
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Theorem VII1.3.3.2 in Hiriart-Urruty and Lemarechal (1993), a lower bound;for
is given by

q(r — Ar7) = q(r) — AT Ar. (22)
To obtain a lower bound fay in direction Ar™, we define the value

f](x) ( (i))

issa < min G+ NE=T
j=1 T

It then follows that

p .
4(r) =h(x(ry) + 32 PED

=1

P r(’) r(l+l) ri o fi(x(r))
j
=h(x(r)) + Z r(,+1) RO -0

J T J

=1-v;

pG+D 0)
’j i r fik(@)

J
+ .
; r r(H—l) - r(l) r(}+l)

J J J
[7 .
— -9 [ Ay + 2 LD
=1 7
>q(r)

p _ 4
+Vh(x®@)) + Z v —v)) w +Vj /i ((ir(lr))) ’
N — r r

=1 T3 j j
> fi() /it
where
V= max max SR il < max i )
PTG T ki 1 N s A

Combining the above relations, we get

qr) = 1-7) qr")+7v h(x(r>>+2f’(f+(lr>))
Jj=1 T

> 1-v) q0") 4+ i1 (22)
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This bound is analogous to the one foe= 1 given in(16).
In (22), we may replace” by r — Ar—, q(r?) by q(r) — AT Ar—, andr by
(r — Ar™) + Ar™T to obtain the new bound

q(r + Ar) = (L=0)(q(r) —ATAr7) +Vgiip
with

D Arf P AR

V:= max —Z < max /

. . + _(i+1) . X (i+1) -
1<j<p ry + Arj r; —r; 1<j<p 1 r -7

Based on this bound, we can define an anisotropic trust region about each point
r, as long as some lower and some upper limits (i%eandr‘*+? in the previ-

ous derivation) are given. The union of the trust regions about all support points
r forms a Voronoi diagram ifR”, the vertices of which contain the candidates
for the minimizer of the lower-bound functiogp(r). For a definition of Voronoi
diagrams, their properties, and algorithms for their numerical computation, we
refer the reader to Aurenhammer (1991); Fortune (1997). As in thecasel,
these candidates for the minimizer ¢fr) may not result in the best choice for
inserting a new valué somewhere between the known points. In addition, the
computation of the vertices of the Voronoi diagram is complicated and expens-
ive. We propose a simpler scheme based on bounds analog¢i®)twwhere the
lower-bound functiory (r) is defined in the box

80— |rew

rj € [r](-i)_, r](-i)] forl<j < p}

with given vectors-”" < r](-i). Forr € 8%, we obtain from(21) thatg(r) :=
q(r'D) + 1T (r —r®) < q().
Next, we summarize the resulting overall algorithm.

ALGORITHM 5. (Conceptual overall algorithm fgr > 2.)

INPUT. Functionsf, fo, ..., fp, 81,82, ..., &y, h, and a compact con-
vex setS defining the multi-ratio probleml).

A stopping tolerance > O.
Step 0.Forall 1 < j < p, determine

0<rPg ming;(x) and r? > maxg; (x).
J xeS xeS

J

If r}l) does not exist for somk < j < p: STOP, the problem violates
Assumptiori.

Otherwise, compute(r®), ¢(r®), and the Lagrange multipliers!’ for
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theg;’s.
Setk = 2 (number of ‘support points*).
Seti = 2andr®@ " := r® (the box-®~ <r <r® containingarg ming (r)).
Step 1.Set/ = arg max A (- —r"") (the index where a split pays mpsind
1<j<p

definer by

. ry for j #1,
I %(r](’) +r](.‘)_) for j =1.

Step 2. Computey (7) along with the Lagrange muItipIiefcj for each functiory;.
Step 3.Based on(21), evaluate

arg min g(ry and arg min  g(r).
re8®: nelr? T re8W: relf,r’1 ~

Step 4. Increasek by one, insert into the list of r©’s splitting 8¢ along the
hyperplaner; = 7, into two boxegone for#* and one for-®),

Step 5.Find i < k such that := argmin g(r) € 8%,

Step 6.If ¢(7) > minic,<; g(r¥) — €, then STOP:
7 is an approximate minimizer.

Otherwise, return téstep 1

4. Numerical experiments

Algorithm 4 for minimizing the sum of a convex function and p&= 1 convex-
concave fraction has been implemented in Matlab. For the solution of the convex
subproblems, we use the interior-point method described in (Jarre and Saunders,
1995). As we have seen in Figure 1, the resulting prolf@may be very complic-

ated, and may have very many local minimizers. Nevertheless, we anticipate that
the parameterization with respecttwill smooth out many of the local minimizers

of (3) and thus result in a functioq that is easier to minimize than the objective
function of the original probleng3).

In this section, we report numerical results of Algorithm 4 applied to certain
examples with random data. In this case, the expectation that the furci®n
easier to minimize than the original probl€B) was fully met. In fact, the function
q appeared to be unimodal with respect tor these examples.

Our test examples are minimization problems of the f¢8n where

h(x) = 3xTHx+h"x +x, f(x)=3x"Fx+ fTx+g,

gx) =—3xTGx —gTx —y, (23)

S :{xeR" xTD,-x+dl.Tx+8i<O, i=12 ..., m
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Here, the matrice#, F, G and Dq, Do, ..., D,, are constructed to be positive
semidefinite. Therefore, i(23), the functionsh and f are convex, the functiop
is concave, and the feasible gets convex. The data fo23) is chosen randomly
as follows. For each matriD;, we first generated a random lower bidiagonal
matrix L; the nonzero entries of which are uniformly distributed 1, 1], and
then we computed; := L;L!. This guarantees that eaéh is a positive semi-
definite tridiagonal matrix. SimilarlyH, F, and G are constructed as random
positive semidefinite tridiagonal matrices. (83), &, f, g, anddy, do, ... ,d,
are vectors that were also generated randomly. Furthermore, the scajarg,
andéy, 8o, ... , 8,, were chosen such that the interior of the feasible donsais
guaranteed to be nonempty, and such that the funcifcmsdg are guaranteed not
to have a zero is. Finally, we have run experiments for proble@28) with values
of n ranging fromn = 50 torn = 500 and values o#: ranging fromm = 10 to
m = 100. Note that the constraints (83) are nonlinear, and therefore, adaptations
of the simplex method for solving proble3) with data(23) would be rather
complicated.

In Figure 3, we plot the functiog for a typical examplé23) with » = 200 and
m = 20. Each %’ marks a point at which the method has evaluated the functjon
in order to be able to guarantee that the final iterate is indeed an approximate global
minimizer. Thus, each«* stands for the application of an interior-point method
to solve a convex problem of the ford). Since for each«’ the interior-point
method can be ‘warm-started’ using as starting points some convex combination
of almost final iterates of two neighboring problems, the overall number of interior-
point iterations for each«’ was less than eight in the average. The cuyue is of
course not known, in general. (Here, it is plotted merely for illustration; its values
were determined by solving a convex problem of the fédinfor some 200 evenly
spaced values of.)

In Figure 4, we show a detailed enlargement of the points generated by Al-
gorithm 4 near the global minimizer of a problem with= 100 andn = 20. The
plot shows that the distance between support peiois the right of the minimizer
is much smaller than to the left, indicating that in this particular case, the Lipschitz
bound(16) provides a much more accurate approximationto than(18). Thus,
the algorithm did not evaluate a further refinement for the points on the left of the
minimizer.

In Table 1, we report the number of iterations taken by our Matlab implementa-
tion to solve problen{23) with m = 20 convex quadratic constraints and different
dimensions:. The stopping criterion for these examples was chosen such that

g™ — q(r°®) <107 (¢(r) — ¢ (r°P))

is guaranteed. Herg(r°"") is the unknown global optimum @23). The numerical
results are intended to provide a first rough estimate on the dependence of our
algorithm on the dimension of the space. We stress that the numbers of Newton
steps and Hessian evaluations in Table 1 could be further reduced by a more soph-
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Table 1. Iteration numbers.

Dimension n=50 n=100 »n =200 »n =500
#ofr's 20 17 14 14

# of IP iterations 407 384 299 326
# of Hessians 644 584 478 548
# of Newton steps 1277 1134 980 1135
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Figure 5. The functiong (r) for a case with several local minima.

isticated implementation. The number of Newton steps given in Table 1 refers to
the sum of exact and inexact Newton steps. For inexact Newton steps, the Hessian
matrix of a previous Newton step has been used in place of the current Hessian
matrix. The overall computational effort is dominated by the number of Hessian
evaluations. The number ofs refers to the number of support pointsat which

q(r) was evaluated.

The random examples presented above exhibited only one local minimizer of
the functiong, as in Figure 3. We therefore constructed some small problems in
three dimensions in such a way that there were several local minimizers at integer
values ofr. If two or more of the local minimizers have nearly the same value
q(r), the method refines about both minimizers until the global minimizer has
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been identified. The plot in Figure 5 shows such a ‘worst-case’ behavior where
the method takes a large number of steps before identifying a pointne& as
an e-global minimizer. If the stopping toleraneeis decreased further, then only
the bounds near = 2 are refined to increase the accuracy of the global minimizer.
Itis needless to say that Algorithm 4 does not lend itself to solving the knapsack
problem of Section 2.2. The structure of the knapsack problem is not exploited by
Algorithm 4, and the Lipschitz bound4d.6) and (18) are too weak to provide a
sufficiently sharp lower estimate for the functigrfor an interval of length more
than one. Hence Algorithm 4 is at least as expensive as enumerating all possible
integer solutions. While the knapsack problem represents an example for which
Algorithm 4 is not suitable, we believe that most applications have a structure more
similar to the random problems above for which Algorithm 4 provides a reliable
and reasonably fast method for identifying the global minimum.

5. Conclusions

We considered the sum-of-ratios problen®hwhere the sum of a convex function
and p convex-concave fractions is minimized subject to convex constraints. We
proposed an approach to transform this problem to the problem of minimizing a
suitably defined functiorgy of p variables. The functiorg can be evaluated by
using an interior-point method for convex minimization. We established Lipschitz
bounds forg that can also be evaluated numerically by using an interior-point
method. Based on these bounds, a method was derived to findaproximation
to the global minimizer of the sum-of-ratios problem.

We presented numerical experiments with the proposed algorithm for the case
of minimizing the sum of a convex function and pt= 1 convex-concave fraction.
An implementation of the algorithm for the cage> 2 will be described elsewhere.
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